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Abstract In this note, we use the so-called microlocal energy method to give a characterization of the
Gevrey—Sobolev wave front set W Fgs _(u), which will be useful in the study of non-linear microlocal
analysis in Gevrey classes.
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1 Introduction and Main Results

As is well-known, the microlocal energy method has had a fairly wide range of applications
in the microlocal analysis, particularly in the Gevrey classes, for the linear partial differential
equations (cf. [1]-[4]). However, how to extend this method to the nonlinear microlocal analysis,
this is a pressing problem at present. We know the fundamental point in microlocal analysis is
to depict the wave front set, and usually if we study the nonlinear PDE we need to consider
the problem in Sobolev spaces. So, as a starting point, we need to study the wave front set in
Sobolev spaces (or called the Sobolev wave front set). In this note, we shall consider the problem
in the Gevrey classes and try to use the microlocal energy method to study the Gevrey—Sobolev
wave front set. More precisely, we shall give a characterization for the Gevrey—Sobolev wave
front set, which will be useful for us in the study of singularity analysis for non linear PDE in
Gevrey classes (e.g. as a application of this method, the propagation of Gevrey singularities
for nonlinear PDE will be studied in a forthcoming paper).

We know (cf. [1]-[4]) the microlocal energy method in Gevrey classes G7 (o > 1) will
depend on two kinds of cut-off functions in z-space and £-space separately, more precisely they
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will actually depend on a sequence of cut-off functions {a;(§),3;(x)}, and the latter will be
required to satisfy some special estimates.
Let (x0,£&%) € T*R™\{0}, [£°| = 1, as a fixed point, we define a;(£) and B;(z) as follows:

Definition of «;(§) Let xn(&) € C§°, depending on parameter N, with supp xn C {£]|€ —
91 <o}, 0 < xw(€) <1, and satisfy the following two conditions

w(©) =1, Jorlg — € < 7, (1.1)

OE X (O = D& (O] < (Nerg ) ™+ (erg ), for [l < N,

where rg > 0, € > 0, 1+ 2¢’ < o, and ¢ is an absolute constant (i.e. independent of ro). We
remark that p,v € Z%, and v can be taken arbitrarily, but p is restricted by |u| < N. The
construction of the cut-off function xn(§) is rather delicate, we may here refer to Hérmander
[5] and Rodino [6]. Assume

az(g) = XN(%)? i€ Z+7 (12)
then
G (%al)‘“‘vl”E’(cral)'"‘f‘”', for lul < N. (1.3)

1

Here i and N are related by: N is the interger nearest to (ce) trgi=.
Similarly we have:

Definition of §;(z) Let 8;(z) € C5°, 0 < Bi(x) < 1, supported in |x—zo| < 19, and fi(x) =1

for |x — x| < %, satisfy

DY) Bi(@)] = 1B (@)] < (Nerg ) (erg ), for |u] < N. (1.4)

We also call {a;(D,), 3:(z)} the microlocalizer around the point (x¢,£°) with size 79. The
conditions above on «;(§) and §;(x) enable us to use two different kinds of estimates, this
makes our treatment fairly easy in the case of the Gevrey class. In other words, by using the
microlocalizer {a;(D,), Bi(x)}, we can deal with the problem from the microlocal view-point.
This method is called the microlocal energy method by Mizohata [1]-[3], where he also gave a

characterization of the Gevrey wave front set WF,(u) for a o-ultradistribution w.

Proposition 1.1 (see [2])  Let u be a o-ultradistribution (o > 1), and (x0,£°) ¢ WF,(u)
(with |9 = 1). Then, if ro is small enough and i is large enough, we have S; = Z\M-H/ISN
CZVHaE“) Biwyull < exp{—¢ci7 }, where cl, = iA=DNul=3 Il and e is a positive constant which

could be chosen independent of ro when ro tends to 0.
The converse of Proposition 1.1 also holds. Actually we can state it in a strong form.

Proposition 1.2 (see [2])  Let u be a o-ultradistribution (o > 1). If we denote C'y = i=3)lul
then an estimate of the form S; = Dolu<N C’,iOHOéZ(M),@iUH < exp{—eqiv },(3eo > 0), for large i,
implies (xq,£°) ¢ WF,(u).
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In this paper we shall extend the results in Propositions 1.1 and 1.2 to the case of the
Gevrey—Sobolev wave front set W F Hs, (u), i.e. by using the microlocal energy method, to give
a characterization of W Fg: (u). Let us first give the definition of the Gevrey—Sobolev space.

Suppose 0 > 1, 7, s € R. The Gevrey—Sobolev spaces are defined by

H; ,(R") = {u € SL, ,(R"),exp[r(D)"/"Ju € H*(R")}, (1.5)

—T,0

where (D) = (1—A)/2, the space S. , is defined as the dual space of S, which in turn, for 7 >
0, is defined by the inverse Fourier transform from S, , = {v(¢) € C°°(R™) | exp[r(€)Y/7|v(¢) €
S(R™)}; for 7 < 0, the space Sr, is defined by the transposition of the inverse Fourier transform
from §T,U (cf. [7]). The infinite order pseudo-differential operator exp[r(D)'/?] is defined by
the Fourier transform as usual (see [6]).

We know H? _ is a Hilbert space with inner product

(u, ”>Hi,a = (exp[T<D>1/"]u, exp[T<D>1/”]v>HS , (1.6)

and the norm is defined by
lull s, = [ exp[r (D) Jul g (1.7)

Next we denote H? as the Gevrey locally Sobolev spaces, i.e. u € H? means that

,0,loc 7,0,loc
u is a o-ultradistribution and for every ¢ € G§ (R™) with 1 < ¢’ < o we have ¢u € H; . If we
write V, for a neighborhood of 2y € R™, we say u € H? ,(zo) if there exists V, such that for
all p € G (Vy,), 1 < 0’ < 0, we have ¢u € H? . Observe that U, cp ;o H7 ,(20) = G7(w0),
the space of all the functions w which are of class G° in a neighborhood of x(y; moreover
G (x0) C H? ,(x0) with strict inclusion for all s € R, 7 >0, 1 <o’ <o (see [8]).

Let (20,£") € T*R™\{0}, We say u € H? ,(20,&°) (0 > 1, s, 7 € R), is a Gevrey mi-
crolocally (i.e. near (xg,£%)) Sobolev space, if there exist V,, and a conic neighborhood Ty of
€% in R™\{0}, such that for all ¢ € G§'(V,), 1 < ¢/ < o, and every ¢ € C*(RY), 0-order

homogeneous in § for large || with supp ¢ C T'o, we have ¥(D,)(¢u) € H? ,. Thus we have:

Definition  Let u be a o-ultradistribution, we say (zo,£°) ¢ WFg: (u) if and only if u €
H‘rs',o('r07 EO)

Observe that for (zg,£0) ¢ WFpys (u), it is equivalent to say that there exist ¢ € Gg' (R™),
1 < ¢’ < o, with ¢ = 1 near x¢, and a conic neighborhood 'y of £ in R™\{0} (in this paper we
always assume |£°] = 1, and for 79 > 0, [y = ['(£%,79) = {¢ € R"\{0}] \é' — &% < rg}), such
that

1 51 0
| explar(@) 106 6u(©) s < oc. (18)
0
Now we shall give the main results of this note:

Theorem 1.1  Let u be a o-ultradistribution, (z9,£°) € T*R™ with [€°) = 1. If (20,£0) ¢
WFy: (u), more precisely if there exist ¢ € GSR"), 1 <o <o, ¢=1on{lz—ux <
20} (Frg > 0), ¢ = 0 outside of {|x—xo| < ro}, and a conic neighborhood T'(£°, () = {\%—£0| <
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ro} (3ry > 0) of €0 in R™\{0}, such that

11028
[ expler@¥ )17 (@u)(©)Pds < . (19)
I(€%rg)

Then for any microlocalizer {c;(D,), B:(x)} around (zg, &%) with size rf < %, we have
S asBalds @ =3 [lexplr(D)F JaBiulai® ! < oo, (1.10)

Moreover, we have
Z Hagﬂ)ﬁi(,,)uH%zﬁi25+2‘“‘_1 < oo, forallp, velZl. (1.11)

i

Conversely, we have:

Theorem 1.2  Assume that for some microlocalizer {c;(D.,), 3i(z)} around (zg,£°%) € THR™),

|€0] = 1 with size g, it holds for a o-ultradistribution u

Z HalﬂiuH%g 02-25—1 < 00. (1.12)
Then for any r( satisfying vy < %, we have
L. EPLOANG I F G E) e < . (113)
INCSRS

which implies (v0,€°) ¢ W Fgs _(u).

Remark The microlocal energy method can be also used to study a similar problem in C*°

category.

2 Proof of Results

Proof of Theorem 1.1 First we prove that for any 1 € N
Lo, RO F GO e < o (21)
T, ry

Let (£) € C*(R™) be essentially homogeneous of degree 0, with support contained in
T(£0,r}), and (&) = 1 for {¢ | |§ — €| < %}N{€ | |¢] > A} (34 > 0). Then since ¢ = 1
on supp G;(x) C {|x — zo| < r{}, we have (DY*¢(D,)B;u = (D)Y*(D,)B;(x)(pu). Commuting
(D)*(D,) with ;(z), we have

(DY (Dy)Biw =Y V1™ Bi) (@) (D)9 (D)™ (du) + Ry (x, D) (),

[v|<N
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where Ry (z,&) € S57V(R™), the G°" pseudodifferential operator for some o € (1,0); and we

observe

183y (@) ((DY* (D)) (¢u)IZ2 | < Cu/ exp[27(€) 7(€)**| F(du) (€)|de, (2.2)

supp[y]
which is finite from (1.9). Next we know (cf. [8, Corollary 1.1]) that Ry (z, D,) is a continuous
mapping from H?, to H: 75V for any s’ € R; and we can assume that ¢u € H_k for some
k > 0, thus we take N large enough so that s — N < —k, then

| Ry (. D) (@) 2., < const. [[éul - < oc. (2.3)

Thus the estimates (1.9), (2.2) and (2.3) give that the estimate (2.1) holds since ¥(§) = 1 in
P, 1Y),
Secondly, we denote

he(€) = Z a;(&)%% 1, (2.4)

where we know that {a;(D,),3;(x)} is a microlocalizer around (zg, &%) with size 7, and then
S lasfiuls #71 = [ hal) explzr(e) )17 () €) P (2.5)

Since supp hs(€) C T(€%, 7)), so from (2.5) and (2.1), the estimate (1.10) holds if hy(£) < c(£)?*
for a positive constant ¢ which is independent of £. In fact let £ € supp hs be fixed, if supp «;
contains &, then |€ —ig%| <irf, ie. i(1—rfy) < [€] <i(1+ 1Y), or equivalently (1 +ry)~t¢| <
i < (1—r{)~'¢|. Thus we obtain, if r{j < %, that

(1) 251 < const. [£]?*~ 1 if ¢ € supp ay;

(2) the number of 4, in which £ € supp «, is less or equal to 2[£|.
These imply

he(€) =D ai(€)%* 7 < f¢]- ¢ < e(e)™, (2.6)

where ¢ > 0 is independent of . This proves the estimate (1.10) holds.
Next, since Hozl(»“) (&)|| < const. i~I#! for any y € Z7, thus it is obvious that for any p, v € Z7

we have
S o BiyulFs 2 < oo, (2.7)

This proves the estimate (1.11).

Proof of Theorem 1.2 Let £ € T'(€°%,r(), 75 < 2. Then
> sl 7 = [ ho(e) expler (€ FIF (GO e

where hy(€) =Y, @;(£)%i?*~. We need only to prove that

hs(€) > - [€**, for € € T(€%,rp), (2.8)
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where ¢ > 0 is independent of &.
In fact, here we introduce a positive constant gy such that 2r{eq = 7 - ry, or equivalently
6(142e0) = %. Without loss of generality we can assume here 7o < 1. For fixed £ € I'(¢%, 1),

then let 7 satisfy

i — ||| < eorpi, (2.9)
which implies
€ — %] = |6 — [€1€” + I€le” — i€®] < [€ — I€I€”] + [I€] — il < rplE] + orgi. (2.10)
Also the estimate (2.9) is equivalent to
(1 —eorg)i < |€] < (1 +eorg)i, or (1+eorg) €] < i < (1—eorg) ~'[E]- (2.11)

Thus the estimates (2.10) and (2.11) give
€ — g0 < %Oz ie. a;(€) = 1. (2.12)

From the process above, we have that for & € T'(€%,r() :
(1) the number of such 4, for which the estimate (2.9) is to be satisfied (which also implies
a;(€) = 1), can be estimated from below by ¢ |¢] (where ¢; = (1 —eqry) ™! — (1 +eo7h) "1 > 0).
(2) for such i as above, we have i2°71 > ¢5]¢|?*~! (Jcp > 0, independent of ).
Hence we have deduced that for & € T'(§%rg), hs(§) > 3, =1 1% = algi*™! >

c1c2/€]?%. This implies (2.8). Theorem 1.2 is proved.

The following is an obvious corollary of Theorem 1.2:

Corollary 2.1  Let u be a o-ultradistribution, (xo,&%) € T*R™\{0}. If {e;(D.),Bi(x)} is a

microlocalizer around (o, &%) with size ro, and ||c;Biul|2 € O(i™*%), then for any ¢ > 0, we

have (x9,£°%) ¢ WF f;s(u). ”

Proof of Corollary 2.1 Since ||a; B;ul|2, i** <C, which means for any € >0 that Y, [l Ful|3 .
i2(s=e)=1 < 0371429 < 00, Thus from Theorem 1.2, we have (z,£°) ¢ WF s—e(u).
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